Nitrogen molecules in ambient air exposed to an intense near-infrared femtosecond laser pulse give rise to cavity-free superradiant emission at 391.4 and 427. 8 nm. An unexpected pulse duration-dependent cyclic variation of the superradiance intensity is observed when the central wavelength of the femtosecond pump laser pulse is finely tuned between 780 and 820 nm, and no signal occurs at the resonant wavelength of 782.8 nm (2ω 782.8 nm ¼ ω 391.4 nm ). On the basis of a semiclassical recollision model, we show that an interference of dipolar moments of excited ions created by electron recollisions explains this behavior. DOI: 10.1103/PhysRevLett.119.203205 Cavity-free "lasing" from ionized nitrogen molecules is a fascinating and challenging problem. By focusing a linearly polarized femtosecond laser pulse at 800 nm in ambient air or pure nitrogen, one observes in the forward direction an intense directional and linearly polarized emission at 391.4 and/or 427.8 nm [1] [2] [3] [4] [5] [6] ; see Fig. 1(a) . These two wavelengths correspond to transitions from the second excited state B 2 Σ þ u to the fundamental state X 2 Σ þ g of singly ionized nitrogen molecules with the vibrational quantum number ν ¼ 0 or 1 [6] ; see Fig. 1(b) . Recent time-resolved measurements have shown that these emissions are in fact superradiant in nature [7, 8] . Superradiance is a phenomenon that occurs when an ensemble of emitters interacts with a common light field in a collective and coherent fashion, leading to a characteristic short emission burst, which is drastically different from the exponentially decaying spontaneous emission produced by an ensemble of isolated emitters [7] [8] [9] . An energy enhancement by 2 orders of magnitude was observed when a short seed pulse around 391.4 nm was injected collinearly with the pump pulse inside the nitrogen gas [8, 10] . Microjoules of energy were obtained at 427.8 nm by simply sending a femtosecond pulse with 200 mJ energy at 800 nm in air [3] . Since the emission has a duration of a few picoseconds and arises from several filaments of diameter 50-100 μm [7, 8] , the local peak intensity of the 427.8 nm radiation can reach ∼10 10 W=cm 2 . Together with the fact that filament can be formed at kilometer distances from the laser source [11] , this provides a promising tool for atmospheric remote sensing and diagnostics [12] .
The physical mechanism underlying this optical gain is, however, controversially discussed in the literature [2, 6, 8, 13, 14] . One interpretation is based on the laserfield-induced nitrogen molecule alignment [13, 14] . According to this model, a stimulated emission occurs as a result of a transient inversion between rotational distributions of excited level B 2 Σ þ u and the ground state The doublet structure corresponds to the R and P bands of the nitrogen ions. The experiments were performed with a nitrogen pressure of 5 mbar and a pump laser energy of 1.1 mJ.
Another interpretation assumes the pump pulse initiates radiative transfers of the population from the ground state X 2 Σ þ g to two excited states of the molecular ion, B 2 Σ þ u and A 2 Π u . Depletion of the level X 2 Σ þ g by these two radiative processes leads to a steady state regime of population inversion between the levels B 2 Σ þ u and X 2 Σ þ g , because most of the nitrogen ion population is stored in the intermediate A 2 Π u state [2, 6] . Some of the authors of this Letter proposed that inelastic electron recollisions play an essential role in the superradiant process [8] . This latter interpretation is supported by the fact that the optical gain depends on the pump pulse polarization. It was observed that the lasing intensity decreased significantly when the pump laser ellipticity increases beyond 0.2. This behavior, similar to that encountered in laser-driven high-order harmonic generation (HHG) [15, 16] , suggests the same semiclassical interpretation of electron recollision excitation. Only a linear or slightly elliptical laser field can force an ionized electron to return to the molecular ion with a significant kinetic energy. The resulting recollision is at the origin of many physical processes such as HHG [15, 16] , nonsequential double ionization [17] , molecular fragmentation [18] , formation of high-order Rydberg atoms [19] , and inner-shell electronic excitation of molecules [20] .
The purpose of this Letter is to further examine the recollision scenario. We experimentally measured the superradiant emission as a function of the wavelength and duration of the pump laser. A marked cyclic variation of the superradiant intensity is observed when the wavelength of the pump laser is varied over a small interval around 800 nm, while the fluorescence is almost constant. The superradiance is also observed to depend sensitively upon the pump pulse duration. These results can be explained by the recollision excitation model. It is found that the observed cyclic variations of superradiant intensity are due to the interference between the dipole excitation probabilities from different electron trajectories. This leads us to conclude that the dipolar moment induced by the electron recollision plays an essential role in the superradiance of nitrogen ions.
In the experiments, we measured the superradiant intensity as a function of the pump pulse wavelength, using a tunable Ti:sapphire femtosecond laser system. This laser system includes two programable acousto-optical filters (DAZZLER and MAZZLER, Fastlite), which are used to increase and shape the gain bandwidth up to 100 nm, supporting either the shortest pulses of ∼20 fs or longer pulses with a reduced bandwidth and a central wavelength tunable between 780 and 820 nm. In our experiments, the pulses were focused with a reflective focusing mirror into a gas chamber with nitrogen gas at 2-5 mbar pressure. The numerical aperture of the beam focusing was NA ¼ 0.025. The forward emitted signal around 391.4 nm was detected by a fiber spectrometer (Ocean Optics, HR4000) or a photodiode behind a narrow bandwidth (10 nm) interference filter centered at 390 nm.
In a first experiment, the laser pulse bandwidth was reduced in order to achieve tunability of the central laser wavelength. The pulse was kept Fourier transform limited (without a frequency chirp), and its energy was kept at 0.9 AE 0.05 mJ. The experimental results are presented in Figs. 2(a)-2(c) for pulse durations of 35, 40, and 50 fs. We observe a cyclic variation of the superradiance with the pump pulse wavelength, and a minimum signal at the resonant wavelength (2ω 782.8 nm ¼ ω 391.4 nm ) around 782.8 nm independent of the laser pulse duration. In addition, the period of the cycles decreases for a longer pulse duration. This unexpected cyclic behavior of the emission signal is in clear contrast to the number of ions in the excited state, which is measured by detecting the sideway fluorescence at the wavelength of 391.4 nm as a function of the laser wavelength. Figure 2(d) shows that the fluorescence is practically independent of the laser wavelength, except a slight increase which can be due to laser beam alignment drift during measurement. That is, the creation of a population of excited ions is necessary but not sufficient for producing the superradiant emission.
In order to shine further light on the emission mechanism, we conducted a second series of experiments, where the pulse duration was changed while the laser central wavelength was kept at 800 nm. The pulse peak power was equal to 16 GW, and it was always kept Fourier transform limited. By increasing the pulse duration from 21 to 46 fs, we observed that the emission signal first increases to a maximum for a pulse duration of 26 fs and then decreases to an undetectable level for a longer pulse duration ( Fig. 3 ). As will be discussed below, these results can be explained by the recollision excitation model and therefore support the interpretation of recollisions as being at the heart of the superradiance.
Let us consider a nitrogen molecule N 2 with ionization potential U i in a linearly polarized laser field with central frequency ω and instantaneous electric field EðtÞ ¼ E 0 ðtÞ cos ωt. The ionization process at a laser intensity on the order of I ¼ 1.5 × 10 14 W=cm 2 corresponds to a Keldysh parameter on the order of 1, and the ionization rate is given by the time-dependent Perelomov-Popov-Terent'ev (PPT) theory [21] . An electron liberated from the nitrogen molecule at time t 0 follows a deterministic trajectory governed by the classical equations of motion. There is a finite probability that the electron returns to the parent ion with a kinetic energy sufficient for promoting the ion to its excited state B 2 Σ þ u . In view of the correlated electron motion in the laser field, a description of the ion excitation process in terms of rate equations describing the evolution of populations is inadequate, and it is also necessary to consider the dipolar moment formation.
In our model, we solve the classical one-dimensional (1D) equations for the electron position x e and the velocity v e in the laser field EðtÞ polarized along the x direction:
assuming that at the starting time t 0 each free electron satisfies the conditions v e ðt 0 Þ ¼ 0 and x e ðt 0 Þ ¼ 0 simultaneously [16] . The probability of excitation of the parent ion in the recollision process has been calculated as follows:
where w ion ðt 0 Þ is the ionization probability given by the PPT theory [21] and w rec ðt 0 Þ is the recollision probability, which in our simplified 1D model (1) equals 1 if the electron returns to the ion or 0 elsewhere. Finally, w exc ðt s Þ is the ion excitation probability in the recollision. It is equal to 0, if the kinetic energy of returning electron at the moment of recollision t s is smaller than the energy of transition from the
, if the energy of the recolliding electron is larger than the ion excitation energy [8] . Here V 2 0 can be considered as the probability of ion excitation in a single collision with an electron. Compared to our previous model [8] , we consider here only the first recollision event of each electron because of the quantum dispersion of the electron wave function. The total probability of excitation W BX is obtained by a superposition of all excitation events of electrons born at different times:
We have calculated the dependence of the excitation probability as a function of the pump laser wavelength over the frequency interval 780-820 nm. The calculated ion excitation probability is approximately 3.5%-3.7% in the considered range of parameters. In particular, it decreases as a function of the pump laser wavelength by less than 10% over the frequency interval 780-820 nm. This fact is in agreement with our experimental observation that the side fluorescence from the plasma remained unchanged when varying the pump laser wavelength, since it is proportional to the number of excited ions in the state Fig. 2(d) ]. Let us now turn to the dipole moment, which can serve as a trigger to launch the superradiance process. While the absolute value of the ion dipole moment is known, d BX ≈ 0.7 a:u: [22] , its direction and phase depend on the interaction conditions, shown schematically in Fig. 4 . The dipole moment is calculated according to the following expression:p BX ðt 0 Þ ¼ w BX ðt 0 Þ σðt s Þ expð−iω BX t s Þ, where σðt s Þ ¼ AE1 accounts for the direction that the electron approaches the parent ion with respect to the x axis and the last factor accounts for the dipole phase at the moment of recollision. Similarly to the excitation probability W BX , the dipolar moment probability P BX can be represented as an integral over the laser pulse duration:
We have calculated expression (4) numerically, assuming a laser pulse of constant amplitude with an intensity of I ¼ 1.5 × 10 14 W=cm 2 , in order to simplify the calculations and the analysis presented later. The predicted dependence of the dipole moment as a function of detuning is shown in Fig. 5(a) for the pump pulse durations τ p ¼ 35, 40, and 50 fs. Three features are noticeable. First, the model predicts a zero dipole moment regardless of the pulse duration if the laser is tuned to the wavelength of 782.8 nm, where the second harmonic of the laser matches the 391.4 nm transition frequency (2ω 782.8 nm ¼ ω 391.4 nm ). Second, a cyclic variation of the dipole moment is found for a very fine tuning of the central wavelength with a slightly decreasing amplitude for a longer wavelength. Finally, the period of the cycles decreases for longer laser pulses. We also calculated the dipole moment for a laser pulse at a central wavelength of 800 nm with different pulse durations. The result is presented in Fig. 5(b) . An optimal pulse duration around 30 fs is predicted, while either shorter or longer pulses lead to a smaller dipole moment. All simulations of the dipole moment from the recollision model agree well with the experimental results.
How should we understand the above simulation results? The dipole moment in Eq. (4) can be written as a sum over the contributions from all laser periods. Because of the periodicity of the functions entering in Eq. (4), the only additional factor is exp½−2πimω BX =ω, where m is the period number. It accounts for the difference between the phase of the dipole oscillations and the phase of the laser field. Moreover, the contributions from subsequent halfcycles enter with opposite signs as the dipole moment is represented by an impair function σðt s Þ, as depicted in Fig. 4(b) . This brings an additional factor exp½−iπω BX =ω in each odd half-cycle. Then Eq. (4) reads where the integral is taken over half a laser period for a pulse of M periods. It can be further simplified by noting that the last factor in square brackets is independent on the period number:
This expression shows a particular property of the transition from B 2 Σ þ u to X 2 Σ þ g states: The dipole moment is zero if the transition frequency is twice the driver frequency ω BX ¼ 2ω. This parity selection is due to the symmetry of the ion electronic states, similarly to the case of HHG where only odd harmonics are allowed. As the frequency of the laser is tuned away from the resonance, a phase shift develops between each positive cycle and its successive negative cycles, preventing this total cancellation. However, with further frequency detuning, the interference between successive laser periods can eventually lead to a secondary minimum. To evaluate the corresponding frequency detuning, we note that the sum over laser periods in Eq. (5) presents a geometrical progression and can be performed analytically (we removed the phase factors which are not important for the further analysis):
The term in the numerator accounts for the interference in the polarization excitation. Destructive interference occurs when the numerator goes through zero, i.e., Mω BX ¼ nω, where n is an integer. The main resonance condition corresponds to n ¼ 2M, while additional zeros occur for n ¼ 2M AE k, where k is an integer. Then, replacing M with the laser pulse duration τ p ¼ 2πM=ω, we find the following condition for the destructive interference: ω d ¼ ω BX =2 AE kπ=τ p . That is, the first additional minimum corresponds to the frequency detuning Δω d ¼ AEπ=τ p , which is inversely proportional to the pulse duration. For a pulse of 13 cycles (τ p ¼ 35 fs), a minimum is expected for the detuning Δω d ¼ 0.09 fs −1 , or Δλ d ¼ 30 nm, which agrees well with the simulation result shown in Fig. 5(a) . Conversely, for a given laser wavelength, the optimum amplification condition Δω m ¼ AEkπ=2τ p depends on the laser pulse duration. For the laser wavelength of 800 nm, the optimum pulse duration is 30 fs, as is shown in Fig. 5(b) , and the dipole moment decreases with shorter and longer laser pulses.
In conclusion, a subtle cyclic dependence of the superradiance around 391.4 nm of singly ionized nitrogen molecular ions is observed upon a fine-tuning of the pump laser wavelength, with a period dependent on the duration of the pump laser. In addition, the emission minimum occurs at the laser central wavelength of 782.8 nm, irrespective of the pulse duration. A semiclassical model based on the ion recollision excitation mechanism explains these three experimental features. It is shown that the superradiance follows the variations of the ion dipole moment induced by recollisions. This study shows that the optical gain of the nitrogen ions depends not only on the presence of the excited ions, but also essentially on their dipole moment. Thus, an interpretation of optical gain based only on a population inversion is not adequate for the considered transition.
